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Graph Definition

Definition

A graph G is a pair (V,E) = (V(G), E(G)) where V is a set of elements
called vertices and E is a set of tuples of vertices in V. In G, there exists
an edge between two vertices v; and v, if (vi, v2) € E.
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Graph Definition

Definition
A graph G is a pair (V,E) = (V(G), E(G)) where V is a set of elements
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Graph Definition

Definition
A graph G is a pair (V,E) = (V(G), E(G)) where V is a set of elements
called vertices and E is a set of tuples of vertices in V. In G, there exists
an edge between two vertices v; and v, if (vi, v2) € E.

o K, — the complete graph. 1 2 1 2
K4 . E 54 .
e S, — the star graph. M
! grap 4 3 4 3
@ P, — the path graph. 1 2 1 2
P4 o C4 o
o C, — the cycle graph.
4 3 4 3
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Induced Subgraphs and Minimum Degree

Definition
For some subset Vj of V(G), the induced subgraph denoted by G|y, is the
graph H where V(H) = Vp and E(H) = {(i,j) : i, j € Vo, (i,j) € E(G)}.

vy

Graph and the subgraph induced by blue vertices.

A,
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Induced Subgraphs and Minimum Degree

Definition

For some subset Vj of V(G), the induced subgraph denoted by G|y, is the
graph H where V(H) = Vp and E(H) = {(i,j) : i, j € Vo, (i,j) € E(G)}.

vy

Graph and the subgraph induced by blue vertices.

A,

Definition

The minimum degree of a graph G is smallest degree of a vertex in G. It
is denoted deg(G).
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Classical Connectivity

Definition

A graph G is connected if for any two vertices u, v € V(G), there exists a
path between v and v.

A connected graph
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Classical Connectivity

Definition

A graph G is connected if for any two vertices u, v € V(G), there exists a
path between v and v.

A connected graph

This notion can be extended.
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k-connectivity

Definition

A graph G is k-connected if |V(G)| > k and when any k — 1 vertices are
removed, the graph induced by the remaining vertices is connected.

\

Definition

The connectivity of a connected graph G is the largest integer k such that
G is k-connected.

v
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k-connectivity

Definition

A graph G is k-connected if |V(G)| > k and when any k — 1 vertices are
removed, the graph induced by the remaining vertices is connected.

Definition

The connectivity of a connected graph G is the largest integer k such that
G is k-connected.

.

Connectivity of 1.
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k-connectivity

Definition

A graph G is k-connected if |V(G)| > k and when any k — 1 vertices are
removed, the graph induced by the remaining vertices is connected.

Definition

The connectivity of a connected graph G is the largest integer k such that
G is k-connected.

L

Connectivity of 1. Connectivity of 2.

.
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k-connectivity

Definition

A graph G is k-connected if |V(G)| > k and when any k — 1 vertices are
removed, the graph induced by the remaining vertices is connected.

Definition

The connectivity of a connected graph G is the largest integer k such that
G is k-connected.

LR

Connectivity of 1. Connectivity of 2. Connectivity of 3.
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Properties of k-connectivity

N

Connectivity of 1. Connectivity of 2. Connectivity of 3.

Proposition

If G is a graph, then deg(G) is greater than or equal to the connectivity of
G.

Definition

A graph G is maximally connected if the connectivity of G equals deg(G).
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Permutations

Definition

Let a permutation on a finite set S be a bijective function o : S — S.
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Permutations

Definition

Let a permutation on a finite set S be a bijective function o : S — S.

Permutations will be of the form o : [n] — [n] where [n] = {1,...,n}
unless otherwise stated.

Definition

The composition o = 7 o p is defined as o(x) = 7(p(x)) for all x.
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(123 45 (123
P=\3 5 2 1 4 =5 4 3

(70p)(3) = 7(n(3))
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Definition
The composition o = 7 o p is defined as o(x) = 7(p(x)) for all x.
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Transpositions

Definition

A transposition (7, j) refers to the permutation o where o(i) = j and
o(j) =i and o(x) = x for x & {i,j}.
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Transpositions

Definition

A transposition (7, j) refers to the permutation o where o(i) = j and
o(j) =i and o(x) = x for x & {i,j}.

Generally, we will think of transpositions as swaps acting on permutations
as in o o (i, j) where o indicates function composition.

The tranpositions o o (i,j) and (i,j) o o are different. The first swaps the
“positions” of the permutation while the second swaps the “values” of the
permutation.
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Transpositions

Definition

A transposition (7, j) refers to the permutation o where o(i) = j and
o(j) =1iand o(x) = x for x & {i,j}.

Generally, we will think of transpositions as swaps acting on permutations
as in o o (i, j) where o indicates function composition.

The tranpositions o o (i,j) and (i,j) o o are different. The first swaps the
“positions” of the permutation while the second swaps the ‘values” of the
permutation.

Let o = 12345 — 14253. Then o o (1,2) = 12345 — 41253 while
(1,2) 0 0 = 12345 — 24153.

Neil Krishnan, Mentor: Rupert Li Connectivity of Friends-and-strangers Graphs October 2024 12/28



Friendly Swaps

1 2 3
let X =0—@—®@andlet Y = o—0—0.
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Friendly Swaps

1 2 3
let X =0—@—®@andlet Y = o—0—0.

@ In X, vertices are position and edges mark adjacent positions. In Y,
vertices are people and edges mark friendships.
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Friendly Swaps

1 2 3
let X =0—@—®@andlet Y = o—0—0.

@ In X, vertices are position and edges mark adjacent positions. In Y,
vertices are people and edges mark friendships.

@ Place the people on the positions such that one is standing on each
position.
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Friendly Swaps
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let X =0—@—®@andlet Y = o—0—0.
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position.
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Friendly Swaps

1 2 3
let X =0—@—®@andlet Y = o—0—0.

@ In X, vertices are position and edges mark adjacent positions. In Y,
vertices are people and edges mark friendships.

@ Place the people on the positions such that one is standing on each
position.
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Friendly Swaps
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@ In X, vertices are position and edges mark adjacent positions. In Y,
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@ Place the people on the positions such that one is standing on each
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Friends-and-stranger Graphs

2 3
let X=0—@—®@andlet Y = o—0—@

Definition

The friends-and-strangers graph of X and Y both on n vertices denoted
FS(X, Y) is the graph whose vertices are the placements of people on the
positions where two placements are connected by an edge if it is possible
to perform a friendly-swap on one placement to get to the other.
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Friends-and-stranger Graphs

2 3
let X=0—@—®@andlet Y = o—0—@

Definition

The friends-and-strangers graph of X and Y both on n vertices denoted
FS(X, Y) is the graph whose vertices are the placements of people on the
positions where two placements are connected by an edge if it is possible
to perform a friendly-swap on one placement to get to the other.

2 1 3 1 2 3 1 3 2
—e—o /& \o06—0 o6 |\ o600
2 3 1 3 2 1 31 2
—e—o /& |\ o0—0 o6 |\ o600

The graph FS(X, Y).
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Formal Friends-and-strangers Graphs

Definition

Given X and Y, the friends-and-strangers graph FS(X, Y) is defined as
follows. Its vertex set is the set of bijections o : V(X) — V(Y), and (o, 7)
is an edge if and only if 0 = 70 (i,/) for some i,j € V(X) with

(i,j) € E(X) and (o(i),0(j)) € E(Y). In this case, we say o and 7 differ
by an (X, Y)-friendly swap.
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Formal Friends-and-strangers Graphs

Definition

Given X and Y, the friends-and-strangers graph FS(X, Y) is defined as
follows. Its vertex set is the set of bijections o : V(X) — V(Y), and (o, 7)
is an edge if and only if 0 = 70 (i,/) for some i,j € V(X) with

(i,j) € E(X) and (o(i),0(j)) € E(Y). In this case, we say o and 7 differ
by an (X, Y)-friendly swap.

213 123 132
® ® L
231 321 312
o L L

The graph FS(Ps, P3).
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The 15-puzzle

Consider the 15-puzzle where tiles numbered 1 to 15 are placed in a 4 x 4
grid. Tiles can then slide around but they can never overlap.

12 bl a2 W15
11 6. IS I8

7101 9 | 4
13|14 3

The 15-puzzle.
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The 15-puzzle

Consider the 15-puzzle where tiles numbered 1 to 15 are placed in a 4 x 4
grid. Tiles can then slide around but they can never overlap.

13 |14 | 15 13 | 14 15 1314 | 11| 15

9 (10| 11|12 9 (10| 11|12 9 |10 12

516 |78 - 516 |78 o 516 |78

11234 11234 11234
Examples of slide moves in the 15-puzzle.
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The 15-puzzle

Consider the 15-puzzle where tiles numbered 1 to 15 are placed in a 4 x 4
grid. Tiles can then slide around but they can never overlap.

13 |14 | 15 13 | 14 15 1314 | 11| 15

9 (10| 11|12 9 (10| 11|12 9 |10 12

516 |78 - 516 |78 o 516 |78

11234 11234 11234
Examples of slide moves in the 15-puzzle.

We can think about this puzzle as the 16 squares of the grid being
positions and the tiles being people. The square without a tile can be
thought of as a person who is friends with everyone.
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The 15-puzzle

Therefore, we can interpret the position graph and the friends graph as the
X graph and Y graph below.
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® L 4 L 4 L J
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X graph and Y graph below.
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® L 4 L 4 L J
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4 L ® L

Neil Krishnan, Mentor: Rupert Li Connectivity of Friends-and-strangers Graphs

The graph X = Gridgxg4 -

The graph Y = S5.
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Wilson's Theorem

Theorem (Wilson, 1974)

Suppose that X is a graph on n > 3. If it satisfies the following properties,
then FS(X, Sy,) is connected.

@ X is biconnected,
@ X is not bipartite,
@ X is not isomorphic to C, for n > 4,

@ X is not isomorphic to the graph 6y on 7 shown below.

The graph 6.
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Minimum Degree Conditions

Let d, be the smallest number such that if X and Y are graphs on n
vertices with deg(X),deg(Y’) > d,, then FS(X, Y) is connected.
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Minimum Degree Conditions
Let d, be the smallest number such that if X and Y are graphs on n

vertices with deg(X),deg(Y’) > d,, then FS(X, Y) is connected.
dn =3n/5+ O(1).
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Minimum Degree Conditions

Let d, be the smallest number such that if X and Y are graphs on n
vertices with deg(X),deg(Y’) > d,, then FS(X, Y) is connected.
dn, =3n/5+ O(1).

Proposition (Bangachev, 2022)

Suppose that n > k > 5 are integers. Then there exist connected graphs
X and Y such that deg(X) > 3n/k — 4, deg(Y) > (k —2)n/k — 3 and
FS(X,Y) is disconnected.
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Minimum Degree Conditions

Let d, be the smallest number such that if X and Y are graphs on n
vertices with deg(X),deg(Y’) > d,, then FS(X, Y) is connected.
dn, =3n/5+ O(1).

Proposition (Bangachev, 2022)

Suppose that n > k > 5 are integers. Then there exist connected graphs
X and Y such that deg(X) > 3n/k — 4, deg(Y) > (k —2)n/k — 3 and
FS(X,Y) is disconnected.

Theorem (Bangachev, 2022)

Suppose that X and Y are two graphs on n > 6 vertices satisfying:
o deg(X),deg(Y) > n/2,
o 2min{deg(X),deg(Y)} + 3 max{deg(X),deg(Y)} > 3n.

Then FS(X,Y) is connected.
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Probabilistic Conditions

Let X and Y be graphs independently chosen from G(n, p), i.e., they are
graphs on n vertices and edges occur with probability p.

Neil Krishnan, Mentor: Rupert Li Connectivity of Friends-and-strangers Graphs October 2024 20/28



Probabilistic Conditions

Let X and Y be graphs independently chosen from G(n, p), i.e., they are
graphs on n vertices and edges occur with probability p.
p = n~1/2t°(1) is the threshold probability.
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Probabilistic Conditions

Let X and Y be graphs independently chosen from G(n, p), i.e., they are
graphs on n vertices and edges occur with probability p.
p = n~1/2t°(1) is the threshold probability.

Theorem (Milojevi¢, 2022)

There exists a constant € > 0 such that if

<Iogn)1/2
p<e ;
n

then FS(X, Y) is disconnected with high probability.
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Probabilistic Conditions

Let X and Y be graphs independently chosen from G(n, p), i.e., they are
graphs on n vertices and edges occur with probability p.
p = n~1/2t°(1) is the threshold probability.

Theorem (Milojevi¢, 2022)

There exists a constant € > 0 such that if

<Iogn>1/2
p<e ;
n

then FS(X, Y) is disconnected with high probability.

Theorem (Alon-Defant-Kravitz, 2021)
If

exp(2(log n)?/%)
p 2 n1/2 )

then FS(X, Y) is connected with high probability.
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Overview

O Results
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Maximal Connectivity

We consider when Y = K,, and when Y = §,,.
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Maximal Connectivity

We consider when Y = K,, and when Y = §,,.
Theorem (K.-Li, 2024++)

Let G = FS(X, K,) where X is a connected graph on n > 3 vertices.

Then, G is maximally connected. In particular because deg(G) = |E(X)],
we have G is |E(X)|-connected.
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Maximal Connectivity

We consider when Y = K,, and when Y = §,,.
Theorem (K.-Li, 2024++)

Let G = FS(X, K,,) where X is a connected graph on n > 3 vertices.
Then, G is maximally connected. In particular because deg(G) = |E(X)],
we have G is |E(X)|-connected.

Theorem (K.-Li, 2024++)

For n >3, if G = FS(X, S,) where X is connected, each connected
component of G is maximally connected. In particular, if G is connected,
then deg(G) = deg(X), so G is deg(X)-connected.

Neil Krishnan, Mentor: Rupert Li Connectivity of Friends-and-strangers Graphs October 2024 22/28



Maximal Connectivity

We consider when Y = K,, and when Y = §,,.
Theorem (K.-Li, 2024++)

Let G = FS(X, K,,) where X is a connected graph on n > 3 vertices.
Then, G is maximally connected. In particular because deg(G) = |E(X)],
we have G is |E(X)|-connected.

Theorem (K.-Li, 2024++)

For n >3, if G = FS(X, S,) where X is connected, each connected
component of G is maximally connected. In particular, if G is connected,
then deg(G) = deg(X), so G is deg(X)-connected.

Conjecture (K.—-Li, 2024++)

For all X and Y where FS(X, Y) is connected, FS(X, Y) is maximally
connected.
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Minimum Degree

The overall theme for the rest of the results is that if FS(X, Y) is

connected for X and Y on n vertices, then it is close to k-connected for
sufficiently large n.

Theorem (K.—Li, 2024++)

Let X and Y be two graphs on n vertices satisfying

o deg(X),deg(Y) > n/2,

o deg(X) + deg(Y) > n+ max{k,3 + (2k — 8)/n},

o 2min{deg(X),deg(Y)} + 3 max{deg(X),deg(Y)} > 3n+ 2k — 4,
where k > 2. Then for sufficiently large n, namely

n > max{6,2k,5(1 + (k — 1)(k + 6) + 2k — 3)}, we have FS(X,Y) is
k-connected.
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Minimum Degree

The overall theme for the rest of the results is that if FS(X, Y) is
connected for X and Y on n vertices, then it is close to k-connected for
sufficiently large n.

Theorem (K.—Li, 2024++)

Let X and Y be two graphs on n vertices satisfying

o deg(X),deg(Y) > n/2,

o deg(X) + deg(Y) > n+ max{k,3 + (2k — 8)/n},

o 2min{deg(X),deg(Y)} + 3 max{deg(X),deg(Y)} > 3n+ 2k — 4,
where k > 2. Then for sufficiently large n, namely

n > max{6,2k,5(1 + (k — 1)(k + 6) + 2k — 3)}, we have FS(X,Y) is
k-connected.

For fixed k, the bound conditions are ~ n and ~ 3n which are the same as
the bounds for classical 1-connectivity proven by Bangachev.
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Probabilistic

Question (Milojevi¢ 2022)

Let p(n) = n=Y/2%°() and let X and Y be random graphs in G(n, p). For

which values of k is the graph FS(X,Y') k-connected with high
probability?
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Probabilistic

Question (Milojevi¢ 2022)

Let p(n) = n=1/2+°(1) and let X and Y be random graphs in G(n, p). For
which values of k is the graph FS(X,Y') k-connected with high
probability?

Theorem (K.-Li, 2024++)

Let X and Y be graphs independently chosen from G(n, p). If

p> exp((k + 7)n/1£;2 (log n)2/3)’

then FS(X, Y) is k-connected with high probability.
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Probabilistic

Question (Milojevi¢ 2022)

Let p(n) = n=1/2+°(1) and let X and Y be random graphs in G(n, p). For
which values of k is the graph FS(X,Y') k-connected with high
probability?

Theorem (K.-Li, 2024++)

Let X and Y be graphs independently chosen from G(n, p). If

p> exp((k + 7),7/;32 (log ,,)2/3)’

then FS(X, Y) is k-connected with high probability.

As a result, if p(n) = n=1/2+°(1) 'FS(X, Y) is k-connected with high
probability.
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